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Fractal scaling of microbial colonies affects growth
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The growth dynamics of filamentary microbial colonies is investigated. Fractality of the fungal or actino-
mycetes colonies is shown both theoretically and in numerical experiments to play an important role. The
growth observed in real colonies is described by the assumption of time-dependent fractality related to the
different ages of various parts of the colony. The theoretical results are compared to a simulation based on
branching random walks.
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I. INTRODUCTION In this paper the main goal is to model the growth of the
whole colony. Recent models have either concentrated on the
Filamentary micro-organisms, like fungi and actino-injtial exponentially growing stage of the colony
mycetes, draw much attention because of their widesprega,7,9,14—17or on the later stage when growth in the center
appearance. They are to be found everywhere from the soilas already ceaseld,7,8,18—-22 Although measurements
to our own body{1,2]. Their role as decomposers is impor- [1,12,13 and simulationg23] show the crossover between
tant, e.g., in the global carbon cycle. Through their symbiotichese two stages, so far no model has given a quantitative
connections with plant root systems they take part in theaccount for the slowing down of the growth. It has been
redistribution and transfer of nutrients and minerg. pointed out that the intricate topology of the colony formed
Moreover, their importance is underlined by the fact that &y the branching filaments is best described by the concept
significant portion of enzymes, antibiotics, and vitamins areof fractality [24,25; see also Fig. 1. It has been suggested
produced by their cultivatiofil,4—6l. that f_ractality could provide a means to characterize differ_ent
Filamentary micro-organisms start their life cycle as asPecies26,27. However, no attempt has been made to in-
single spore. Under favorable environmental conditions, th€orporate the observed fractal scaling in describing the de-
budding spore produces a long filament calledeam tube tails of growth, even though the growth of a colony can be

[1,2,4,7, which explores the surroundings for available nu-Simply tmodeledtb); alJtra}ncfli[ng ran_c:rcl)rtr] WaOlIkWhi‘(:jh itsf
trients. To better utilize the available resources the germ tub ;}%’/VF%% generate fractal patierns with ime-dependent frac-
undergoes branching, producing new filaments cahgel : Al ' . .
phae which themselves also start branching. The hyphz Recent result$29-35 in the fields of chemical or bio

t thei hil trient ined al the tot ogical activity on fractal sets, however, have provided an
Igerr?z;\{haof t?\lé ?3?::1(0;2\/ eﬁlLezn; ;Ieflstﬁ[fs %ﬁlenr?e isagr::%ntiiuo ppropriate framework to incorporate fractality into the study

; f ials inside the fil | of growth processes. In these works open chaotic hydrody-
ous transportation of materials inside the filaments. In pary,mica) flows are shown to produce stable filamental fractal
ticular, cell wall building materials are transported toward

. . : atterns of advected chemically or biologically active spe-
the extending tip[1,2,4,7,10,11 This process eventually P y gica’ly b

lead i £ | ked hvoh lled cies. The description of activity on fractals requires a dra-
eads to a colony ot densely packed Nyphae calleuy@e- —p4iic change to the traditional reaction equations: a non-
lium [1,2,7]. At the initial stage of growth, when the nutrients

i abund d the hvoh _ di h rivial, singular term appears in the equatig29-31,33. It
are in abundance and the hyphae are not impeding each otz ¢ een shown that this term provides a possible solution to
ers growth, the growth of the colony has been measured t

; X bl lated both to plankt lation d i
be exponential2,4,7,8,12,13 Later, as the resources in the B:;g Sj]rgidr?oaperebio?ic ev%luﬁi?%%o?’ﬁ%%?u ation dynamics

center of the colony are exhausted and the hyphae in that In open flows, fractal patterns are generated by an exter-

reglgion startdto overlap, growth ii Iimitedhto the edge dOf then a1 physical process and the activity occurs on this fractal
C; Er;ys fg 1 \_/I_ehgeganve . grovvlt in t _g cehnter €CYSsieleton. In the case of filamentary micro-organisms, how-
[2,4,7,8,12,18 The decaying colony provides the necessaryy e, the complicated geometry is generated by the growth

nutrients fofr aﬁnal grol\llvth |[1’2’7]' Wh(ire at;rlalhpranches process itself, governed by the search for and efficient utili-
grow out of the(usually planar mycelium. At this stage zation of resources. Another important difference is that

antibiotics are produced to prevent other micro-organismg e advection in open chaotic flows produces a fractal
from utilizing the decaying myceliurtmoreover, the elimi- ;,,qe gimension does not depend on time, in the case of
nated competitors are utilized for the aerial growfi®)]. Fi- fungi and actinomycetes the fractality time’ dependent
nally, the aerial branches start pinching and produce newb4 55 37 Furthermore, the mycelium is densest in the cen-
spores to restart the life cycl&,2,7. ter of the colony, and rarest close to the edges. This results in
the colony having a higher fractal dimension in its aging
center and a lower dimension close to the colony edge. This
*Electronic address: karolyi@tas.me.bme.hu; www.me.bme.huihhomogeneity suggests that models based on a continuous
~karolyi/indexe.html distribution of biomasg$4,7,8,17-20,38—40Ohave to be re-
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FIG. 2. (Color online Nutrients are consumed from a narrow
stripe of widthAo along the hyphae of radiusduring timeAt.

trient resources are gained. In this paper we assume that
there is only one resource limiting growth and that all other
resources are in abundance. In our model a simple autocata-
lytic utilization of the limiting resource is assumed; i.e., a
certain fixed portion of the consumed nutrients are directly
converted to biomags39].

For simplicity and for ease of comparison with the result
of the simulations described in the next section, we will con-
sider a two-dimensional2D) colony. Besides the fact that
filamentary micro-organism colonies, when grown on a sur-
face (like moist bread, damp soil, or synthetic solid me-
dium), are effectively two dimensional, the same derivation
can be applied in three dimensions. We concentrate on a part,
Ay, of the colony, like the one in Fig. 1, which is small
compared to the total colony size. This colony part possesses
a well-defined scaling wittitime-dependentfractal dimen-
sion D. Let L(t) denote the total hyphal lengttwhich is
proportional to biomass due to the constant cross-sectional
area of the filamenjsn the reference are&, of the colony at

time t after the first branch has grown into it. The filaments

FIG. 1. (a) Part of aStreptomyces Coelicolor3&2) colony.  within A, can utilize the nutrients contained in the growth
Picture taken in the Arizona Research Lab is courtesy of Alainmedium of this region. During a short tinde, resources in a
Goriely and Michael Taboth) NumberN(e) of boxes of linear size  narrow strip of widthA¢ along the hyphae are assumed to be
e covering filaments in picturda) scales asN~&°, whereD  consumed by the filament§ig. 2). This means that during
=1.73+0.03 is the fractal dimension of this part of the colony. Thetime At the total consumed nutrient mass in 2D is
horizontal axis is rescaled by the linear sizeof image (a). For
large boxesg reaches the size of imaga) (right side, with tangent

~2). Am, = LcAoo, (1)

whereg is the average concentration of the limiting resource
Which depends on time, decreasing as the nutrients are con-
. . . sumed. The geometrical factorwould be 2 for ideal paral-
also be revised due to fractality. In this paper we propose fel, straight filaments; however, it deviates from this value to

_simple_ model c_)f nutrient uptake and filament grow_th, _Whi_Chsome extent due to the bending of the hyphae, as explained
is designed to incorporate the effect of the fractal dlstr|but|oqn Refs.[29-31,33.

of biomass.
In Sec. Il a model of colony growth is developed, which

vised. The assumption that the hyphal surface, where nutrie
uptake takes place, is proportional to biomf38,39 must

A portion, y<1, of the consumed nutrientsm, are di-
: . rectly converted to biomass, which increases the hyphal
takes into account the age-dependent fractality of the COIOnYength; the rest maintains the metabolism of the already ex-

In Sec. Il the theoretical results are compared with date}stmg filaments. If the average density of the filamentgiis
obtained from numerical simulations. We present our conclus,an filaments of radius during timeAt will grow in length

sions in Sec. IV. by

II. MODEL FOR COLONY GROWTH _yAm, _ AUQE

AL .
o¢Cr 7 O¢r

(2
Chemical or biological processes occurring along a fractal
boundary are associated with significantly enhanced activit - . .
as compared to processes occurring along regular boundar?{%e. can take the I_|mn‘Aa—>O and At—0, while keeping
[29-31,33. In the case of filamentary micro-organisms the (N€IF ratio constant:
activity is nutrient uptake; the main advantage of the intricate

and complicated geometry of the colony is the greatly in-
creased surface area of the hyphae, which is where the nu-

. Ao
v=lim —.
At—0,A0c—0 At

3
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This is the rate of nutrient consumptigwhich can be re- de(D) HeesIn 8
lated, for example, to diffusion through the cell membpane dD ==
This implies that Y

o2, (8

This can be solved with the condition that initially there is
d_£= vaé (4) only a single hypha inA,, having dimensionD(t=0)=1,
dt ofr’ when the nutrient concentration gt=0)=p(D=1)=p,, to

The available nutrient pool is reduced by consumption; itd'vVe
concentratiorp decreases while the colony becomes increas- Hcos
ingly dense. However, it is not only the biomass density that o(D)=0o+ _62(5_ ). 9)

: . - 04

changes during growth; for fractals a better measure is the
fractal dimension, which changes with tirfi25,27,41,42 It From Eq.(7) the time dependence of the fractal dimension in
makes sense to assume that the available resource concentég-is obtained with initial conditiorD(0)=1 as
tion ¢ will depend on the fractal dimensidn of the colony.

This means that as the colony becomes defiser, D in- (t) = 1 In Heerd+ 8*yeo

creases as a result of growthe availability of the resources Inés v(He yo
decreasegas they are consumediVhen the grown is on a Heos + ygoéexp[— —(— + —O)t}
solid surface and the linear siZg of the region of observa- rvé o

tion Aq is much larger than the diffusion distance for typical (10

limiting nutrients (like glucose, phosphorus, minerglsve
can safely neglect nutrient diffusion in#y,, because it has
only a minor effect on the available nutriefiid (N.B. inter-

As filaments grow into the different regions of the colony at
different times, thus initiating growth in those regions, the

nal nutrient translocation seems to have a more importarﬂ’aCtaI dimension will be different in each of the various

, . . i i t with observatid2§].
effect[39]). The decrease in the available nutrient concentra!®9'ons. In agreemen
tion during time At is —Amy/(At¢2). Taking the limit At Using Eq.(6) again, the total length of the hyphae can be

—0 as before, we find written as
Hco:d+ &
de(D) _ Lcve(D) - £(t) = Hr 219+ ¥Qo )
o 5 ‘Hc
dt €Q Hcef+,ygogexp|:_g<_+’y_eo)t:|
r\ 6 o

As supported by observatiofiz4,26 (see also Fig. land
computer simulationf23,26, filaments form a fractal set in Being closely related to the total biomass, it is easy to mea-
A in a certain scaling region= e< €, bounded by the fila- sure£(t) in either experiments or simulations.
ment widthr from below and by{,, the linear size of the Formula(11) can be rewritten in a dimensionless form.
observation regio,, from above. The length of the fila- We introduceR=vyg,/@;, the ratio of utilizable initial re-
ments is measured &5 eN(e), whereN(e) is the number of  source concentration to the density of the filaments, ldnd
boxes of linear size covering the mycelium. For a fractal of =Hc/5="Hcr/{,, which is proportional to the ratio of the
dimensionD, N(e)=H(e/€,)P [41], whereH is a propor- filament diameter and the linear sifg of the region of ob-
tionality constant called thelausdorff measurf43]. Choos-  servation. Then the dimensionless hyphal lengthC/rH S

ing e=r (the lower bound of the fractal scaling interjave  =L/H<{, as a function of the dimensionless timevt/r is

find e H+R )
L£=HrP¢g. (6) 7T H+Rexd- (H+R7’

Taking the derivative of Eq(6) and inserting it into Eq. SinceH ~1/5<1, we have thaR>H. This means that, be-
(4) leads td sides the rate of nutrient uptake it is the ratio of the uti-
lizable nutrient concentration to the filament density that has
db = e (D) ) the major role in determining the biomass growth:
dt  rosIn s’
L(7) = (13

where 6={y/r>1 is the size of the region of observation H+ReR™

relative to filament radius. Using E¢p) a differential equa- ] . ]
tion can be obtained fop(D) as For small, the second term in the denominator is much

larger than the first term. This means thét) ~ eX¥—that is,

- _ L(t) = H{tyexp(ytvey/ros)—which implies aninitial expo-
Here we have assumed ttdtdoes not depend on time. A more nantial growth as observed for filamentary colonies
precise treatment would show that an additional term containinqz 8,12,13. Later, asr increases, the exponential vanishes in

~H/(H In 6) would appear in the right-hand side of B@). This,  the denominator, leading td.(7)~R/H—that is, £(t)

through <0, would increase the growth db, that is, of the =~ yr&%04/coy; i.e., there isno growth after a long enough
biomass, especially in the initial stage whigt] is expected to be time As the total hyphal length to covek, would be L
larger. =€§/(cr)=r62/c, this stage corresponds to an almost filled
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region of observation(ypy/0¢<1). At this late stage the
remaining available resource concentratiog is0. The frac-

tal dimension is expected to saturate arout=2
+In(yeo/ Hepes)/In(S), for §>1. This value forD is ex-
pected to be somewhat below 2, which would be the fractal
dimension of a plane-filling mycelium. Finally the growth in
the region of observation ceases due to a lack of nutrients o
[2,4,7,8,12,138 Altogether, the graph of E¢13) shows good

qualitative agreement with observations of biomass growth

in experiments studying fungsee, for example, Fig. 2 of

[6], Fig. 7 of[8], Fig. 1 of[13], Fig. 5 of[21], and Fig. 9 of

[27).

The advantage of our model is that the parameters are
directly measurable in experiments. The initial resource con-
centrationgg is an environmental variable, easily tunable in
experiments. The average internal dengityof the hyphae, X
the portion y of resources spent on growth, the rateof
nutrient consumption, and the radiusof the hyphae are
specific to species and can be measured. The geometrical
constantg{ andc are determined by the shape of the colony,
while 6 depends on the size of the chosen region of obser-
vation. This means that the validity of E{.1) can be readily
checked in an experiment. In the next section the validity of
Eq. (13) is checked using a simple numerical model of fila-
mentary colony growth based on a branching self-avoiding
random walk.

0 500 1000 1500 2000
Ill. SIMULATION RESULTS Time steps
To check the validity of the model developed in the pre- FIG. 3. (@) Part of the simulated colony. Applied parameters are
vious section computer-simulated filamentary colonies werén the text. (b) Comparison of the measured total hyphal length
investigated. The simulation of a colony starts from a single(solid line) in the course of time with that obtained from EdJ)
point at the origin; this models the initiation of growth from (dashed ling Units used for length are converted to the dimension-

a single spore. Growth occurs in discrete time steps. Th@ss units of the simulation; thus total length is measured and com-
exact position of the tip of each growing filament is stored,Puted inside regiory, with hyphal diameter 0.04see main text

along with its position at all previous time steps. A segment Thegrowth stagedollows after a new growth direction has
of filament is drawn from each of these points back to theyeen chosen for each of the tips. Each tip which has not
position of the same tip in the preceding time step. The receased to grow is moved in its chosen direction a distance
gion of observation is covered by a grid. A value is stored forthat is selected randomly, with uniform probability, from an
each grid cell that is equal to the number of filament seginterval. This gives new tip positions, and the mycelial con-
ments in that cell. This grid then characterizes the density ofent stored for each grid cell is also updated. Finally, in the
the mycelium. branching stagethere is a small chance that any nonceased
One step of the growth process consists of three stagefilaments branch, forming a new growing tip at any of the
bending, growth, and branching. During thending stage previous tip locations.
all tips choose a new growth direction from 18 different di-  Altogether, this is a simple, but realistic simulation of
rections, an angle 2/18 apart. First, a probability is as- filamentary colonies, based on an implementation of branch-
signed to each of the 18 directions. The default probability iSng random walks where intersections of trajectories are re-
highest in the same direction as the growth direction of thestricted by density. If the maximum density is 1—that is, the
tip during the previous growth step and decreases linearly sprobability of growth falls to zero in directions containing a
as to reach zero in the opposite direction. This default probsingle hypha—this is a self-avoiding, branching random
ability is decreased linearly with the mycelial density aroundwalk. This model can be considered a simplified version of
the tip in each directions. The mycelial density is taken fromthe model in Ref[23] and produces colonies qualitatively
the values stored in the grid cells coveriAg similar to realistic fungal or actinomycetes colonies; com-
The dependence of the probabilities on the mycelial denpare Figs. 1 and(3).
sity models that the tip will try to avoid regions of high The measured total filament length as a function of time is
hyphal content where the nutrients have been depléiédd  shown in Fig. 8b), together with the prediction obtained
One of the 18 directions is chosen randomly according tdrom Eg. (11). The parameters in Eq11) can be approxi-
their corrected probabilities. If all directions have zero prob-mated from the computer model parameters. In the compu-
ability, then the tip does not grow any longer. tational model, the grid size defined on the region of obser-
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vation Ag=[-20,20 %x[-20,20 (£,=40 was 1000< 1000. In our model, the biological activity is described, with
It means that the approximate diameter of the hyphae wagnly a few parameters, by the speedf resource consump-
2r =0.04 (linear size of one grid céll while §~1000. The tionand th(_e ratey of resource utili_zation for gr_owth. In order
length of the growth steps was chosen randomly from thdo model different types of colonies and various pattern for-
interval[0.04, 0.4 (one to ten grid cells The dimensionless Mations observed in fungal colonig38-40. It may be nec-
(13) was taken to be unity; i.e., in the computer model thelYPeS of colonies and the various pattern formations ob-
resources are turned directly into biomass. In reality this€ved in fungal colonie$20,38—40,42 Other variables
term is below 1, but in this simple model the consumed!/iké density of growing tips, mass of inactive mycelium,
resources are used only for growth: the effects of processé@temal resource translocation, external resource diffusion,
such as the upkeep of existing nutrients, internal translocs&/eCts of more than one resource, gt@n also be incorpo-

tion of nutrients, etc., are not considered. The geometricdidt€d in the model.
constants are usually of the order of 1; for a simple choice Although the derivation of Eq(11) was based on the

we take=1 andc=2, leading toH=0.002. Hence the only assumption of a two-dimensional colony, it is quite straight-
parameter remaining’to be fitted igr. the dimensionless forward to extend it to colonies in three dimensions. In di-
time unit. which was identified as/r=’0.009 62+0.00003 Mensionless units, the length of the filaments as a function of
(with one time unit being one simulation time stefrhis  time is described by the same express(t) as in the 2D

means that during one growth time st&p the nutrients are  °35€ _With the exception that the conzstazﬁtandH are dif-
utilized to a distance of\e=r/100 from the hyphae. In [Er€NtR=yCoo/0r, H=Hcm/ &=Hcmr?/ (. The qualitative

reality, this parameter should also be related to the transpofg@tures of the equations thus remain the same, and the im-
rate through the cell membrane and to the diffusion of rePortant ideasto incorporate time-dependent fractality and
sources in the medium that transports the available resourc€§nNSUMPption of nutrienisand findings(saturation of growth

close to the hyphae, but these mechanisms are not includ€dt€r exponential extensipmemain valid. _
in the computational model. Despite its simplicity, Edj1) The results were derived for a pag of the colony; Eq.

approximates well the computational results with the esti{11) gives the time dependence of the biomass in this region

mated parameter values. Allowing for the time dependenc8' oPservation. When growth reaches the edges of this re-

of H (see footnote 1Lin the theoretical description would 910N, the total biomass will consist of the hyphal content in
increase the activitfand biomassat the initial stage of both the initial and its neighboring regions. However, growth

growth. This is expected to give an even better corresponi-n the neighboring regions will be retarded as compared with

dence between the numerical and the theoretical curves dfat in the initial region. To obtain the total hyphal length of
Fig. 3(b), where the theoretical prediction is below the mea-the colony it is necessary to sum up Hgl) over the re-

sured biomass. In the late stages, the measured biomass%@ns: but using alifferent inoculation timdor each region.
smaller than that predicted by E6.1), because the numeri- Most previous growth models started from the assumption

cal simulation neglected the effect that filaments, in reality,that biomass is evenly distributed, thus neglecting totally the

may return to the examined region after having previouslyMicroscopic distribution of materialg4,7,8,17-20,38-40
left it. This causes the break in the measured curve aroun§liS Paper shows how to incorporate the microscale details

the 700th time step. A more elaborated numerical experi fractality) i_nto a ma_cr_oscopic descr_iption. The effect_ of this
ment, which follows more closely the growth of real colo- alone provides realistic growth profiles for the colonies.

nies, would be expected to follow the prediction given by The model introduced in this paper is also relevant to the
Eq. (12). study of active processes in flows. Activity in fluids can oc-

cur along filamental fractals formed by the stretching and
folding action of the flow. Inopenflows, this produces frac-
tal filaments of stationary fractal dimensi¢#4]. However,
there is numerical evidendet5] that, for a transient time,
The main goal of the model developed in this paper is théhere is a time dependence in the fractality of the advected
incorporation of time-dependent fractality into the study ofingredients. It is in this situation that our model may be
colony growth. Without any further assumptions about theapplicable.
details of the activityfgrowth and nutrient uptakehe model
is able to describe the initial exponential and the later satu- ACKNOWLEDGMENTS
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